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In the case of a continuous local martingale there have been works by Azema,
Gundy, and Yor[1], Elworthy, Li, and Yor[2], and Takaoka[4] etc. Recently, by
Liptser and Novikov[3] they were extended to the case of a local martingale with
uniformly bounded jumps. We introduce the main result in that paper;

Theorem 0.1 Let M = {Mt}t∈R+ be a locally square integrable cádlág martingale
defined on (Ω,F , {Ft}t∈R+ , P ) the filtered probability space with standard general
conditions. Assume that 〈M〉∞ = limt→∞〈M〉t < ∞ a.s and {M+

τ }τ∈T is uni-
formly integrable, where T is the set of stopping times τ . Then

(i) 0≤E[M∞]≤E[M+
∞] < ∞.

Besides,

(ii) if {∆Mτ}τ∈T is uniformly integrable, then

limλ→∞λP (supt∈R+
(M−

t ) > λ) = E[M∞];

(iii) if |∆M |≤K and E[eεM∞ ] < ∞ for some K > 0 and ε, then

limλ→∞λP (
√
〈M〉∞ > λ) = limλ→∞λP (

√
[M ]∞ > λ) =

√
2
π

E[M∞].

In this presentation, we will present the result without the uniform boundedness
assumption for jumps. But, to obtain the characterization of a tail distribution
of quadratic variation of a local martingale M , we replace it by another assump-
tions: ”the quasi left-continuity of M and the exponential moment in terms of the
compensator of the counting measure of ∆M .”
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